REPRESENTATIONS OF TEMPERLEY-LIEB ALGEBRAS 



JOHN ENYANG 

Abstract. Wc define a eommuting family of operators To,Ti, . . . ,Tn m the Temperley- 
Lieb algebra An{x) of type A„_i. Using an appropriate analogue to Murphy basis of the 
Iwahori-Hecke algebra of the symmetric group, we deseribe the eigenvalues arising from 
the triangular action of the said operators on the cell modules of An (x) . These results 
are used to provide the Temperley-Lieb algebras of type An-i with a semi-normal form, 
together with a branching law, and explicit formulae for associated Gram determinants. 



1. The Temperley-Lieb Algebras 

Let n be a non-negative integer, x be an indeterminate over Z and write R = Z[x]. 
The Temperley-Lieb algebra An{x), defined in is the unital associative i?-algebra 
generated by ei, . . . , e„_i which are subject to the defining relations 

(LI) = xci, for i = 1, . . . , n — 1; 

(L2) eiCjiiej = Ci, for i, ? ± 1 = 1, . . . , n - 1; 

(L3) CiCj = ejCi, for i, j = 1, . . . ,n — 1 and \i — j\ > 2. 

By convention, Ai{x) = R and, for z = 2, 3, . . . , we regard Ai{x) as the subalgebra of 
Ai+i{x) generated by ei, . . . , ej_i, giving a tower 

(L4) Aiix) C A2ix) C Asix) C . . . . 

Using restriction in the tower flL4l) . we construct cellular bases, in the sense of [2], for 
An{x) which are compatible with the action of certain commuting operators in An{x). 



2. Murphy Bases for the Temperley-Lieb Algebras 

For the purposes of these notes, a partition of n is a pair of integers X = {i,n — 2i), 
where < 2i < n. If A = — 2i) and fi = {j,n — 2j) are partitions of n, we will 
write A > /i if ? > j, while A > /i will signify that A > /i and X ^ fi. If /i is a partition 
of n — 1 and X = {i,n — 2i) is a partition of n, write /i — ^ A if /i = (i,n — 2i — 1) or 
H = {i — l,n — 2i + 1). Let A be a partition of n. Define 

T„(A) = {(A(°), A(i), . . . , A(")) : A(°) = (0, 0), A^^^-^^ ^ A^'^) for A; = 1, . . . , n, and A^") = A}. 

If s = (A(°),...,A(")) e 1n{X), write A = Shape(s) and let s\k = (AW,...,AW), for 
k = 1, . . . ,n. We order the elements of Tn(A) by writing 5 > t if Shape(s|fc) > Shape(t|fc) 
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for k = 1, . . . ,n, and s, t G X„(A); by s l> t we will mean that s > I and s 7^ t. If 
t = (A*^°-*, . . . , A^"^), then t may be identified with an up-down tableau: 

1 1-^ (t(°\ . . . , t*^"^), where t^*'^ = rD- ■ - Q whenever A^*'^ = {i,k- 2i), for /c = 0, . . . , n. 



(fc — 2i) boxes 

In turn, the up-down tableaux correspond to paths in the Bratteli diagram associated 
with the Temperley-Lieb algebras (c/. §2 of [5]). 

If / is an integer, < / < [n/2] and A = (/, n — 2/), define 

mx = 6163 ■ ■ ■62/+! 

and let A'^ denote the two sided ideal in An{x) generated by mx and 

/[A _ A/I 

li n = 2k + 6, where 6 G {0, 1}, then 

C ^(^'"-2^=) C ^(f-l."-2A:+2) ^ . . . ^ ^(0,n) ^ 

is a filtration by two sided ideals of An{x). 
If z, J = 1, 2, . . . , n, define Wij G by 

{eiei+i---ej_i, if 2 < j; 
ei_iei_2 ■ ■ -Cj, ifj<i; 
1, otherwise. 

Now, introduce elements 

{vi : t G X„,(A), A a partition of n}, 

by writing f t = 1 if t = ((0,0)) and, otherwise, if t G T„(A), where X = {f,n — 2/), and 
5 = t|n-i, then 

\„ ifShape(5) = (/,n-2/-l) 

W2f,nVs, if Shape(5) = (/ - 1, n - 2/ + 1). 



Similarly, we define 



{vl : t G T„(A), A a partition of n}, 

by writing = 1 if t = ((0, 0)), and, otherwise, if t G 'I'„(A), where X = {f,n — 2/), and 
5 = t|„_i, then 

ifShape(5) = (/,n-2/-i; 
v;wn,2f, if Shape(s) = (/ - 1, n - 2/ + 1). 
The following are stated for reference in subsequent calculations. 

Lemma 2.1. Suppose that X = (/, n — 2/) is a partition ofn, with / > andn — 2f > 1. 
Let 5, t G T„(A) satisfy s|„_2 = t|n-2 fl'^c? s 7^ t. T/ien the condition 

Shape(sU_i) = (/ - 1, n - 2/ + 1), and Shape(tU_i) = (/, n - 2/ - 1) 

holds if and only if = ViCn-i- 



Proof. Suppose that s ^ t and s|„,_2 = i\n-~2 and consider the Bratteh diagram fragment 



(/,n-2/-l) 




(/-l,n-2/ + l) 




(/-l,n-2/ + 2). 

If u = t|n-2, then either, 

Shape(5|„_i) = - 2/ - 1) and Shape(t|„_i) = (/ - 1, n - 2/ + 1), 
in which case = W2f,n-iVu and vi = W2f,nVu, or 

Shape(s|„_i) = (/ - l,n - 2/ + 1) and Shape(t|„_i) = (/, n - 2/ - 1), 

in which case = W2f,nVu and Vi = W2f,n-iVu- Since W2f,n = W2f,n-i^n~i, and e„_i 
commutes with i;u, the result follows. □ 

Corollary 2.2. Let X be a partition of n and suppose that k is an integer, 1 < k < n. If 
s, t G T„(A) satisfy s t and Shape(s|j) = Shape(t|j), for i G {0, 1 , . . . , n} \ {k — 1} , then 
the condition 

Shape(s|fc_i) = {j -l,k- 2j + 1), and Shape(t|fc_i) = (j, k - 2j - 1) 

holds if and only if = ftCfc-i- 

In [2], J. Graham and G. Lehrer have demonstrated that v4.„(x) is cellular, while 
M. Harterich has provided certain Murphy type bases for generalised Temperley-Lieb 
algebras in [7j. In order to obtain a triangular action for the commuting family of ele- 
ments defined in ^ we establish that An{x) has a cellular basis as described in the next 
lemma (c/. Example 12.11 below). 

Lemma 2.3. The algebra An{x) is freely generated as an R-module by the collection 

(2.1) {^uo = vlmxv^ : for u, D G X„(A) and A a partition of n}. 

Moreover, the following statements hold. 

(1) The R-linear map defined by for u, G T„,(A) and A a partition of 
n, is the algebra anti-involution of An{x) satisfying Ci ^ Ci for i = 1, . . . ,n — 1. 

(2) Suppose that b G An{x) . If X is a partition of n, and u G %n{X), then there exist 
flt) £ R, for "0 G T„(A), such that 

(2.2) m^J) = ^ a^rus^ mod A^, 
for all s G T„,(A). 
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Note that Lemma [2.31 implies that, if A is a partition of ra, then is the i?-module 
freely generated by the set {niuo : u, G Inifi'), for yU [> A}. 
For k an integer with 1 < 2k + 1 < n, and /i = {k,n — 2k), let 

T^f^/i) = {s G T„(/i) : i;, G (esfc+i, . . . , e„_i)}. 

After observing that the map 

* : m^u, for u, G T.n(A), and A a partition of n, 

coincides with the algebra anti-involution that fixes the set {e^ : i = l,...,n — 1} 
pointwise, Lemma [2.31 will follow from the following statement. 

Lemma 2.4. The set {rriuo : u, G 'X„(A) and A a partition ofn} freely generates An{x) 
as an R-module. Moreover, if h E An{x), A = {f,n — 2f) is a partition, and u G T„(A), 
then there exist G R, for o G T„(A), which depend only on u, such that 



(2.3) mAt'u^ = ^ a„mxv„ + ^ 



t,tG 1„(At) 

where the sum is over partitions fi = {k,n — 2k), and t G %n {^), with k = f + 1, f+2, . . . , 
and Ort G R, for x G 'In\fi) and t G T„(/i). 

Lemma 2.5. Let \ = {f,n- 2f), where n > n - 2f > 0. Write r = (/ + 1, n - 2/ - 2) 
anc! u = {f,n — 2f — 1). //t G 'X^''r/^(z/) anc? u G t/ien either 

e2f-iW2f,nVlm^Vu = mxv^, where t) G T„(A) and = u, 

or there exists s G %n\T), such that 

e2f-iW2f,nVl'm^Vu = v*mrV„, where D G T„(r) and o|„_i = u. 

Proof. We may write = Wj,2/, where 2/<j<n — 1, so that 

e2/-lW2/,n^'t*"^i. = e2f-lW2f,nWj,2fmu 

e2/_ie2/m^, ifj=r2-l; 
_e2/_ie2/ej+iej+2 ■ ■ ■ en-im„, if 2/ < j < n - 1. 

In the first case in the above expression, we obtain 

e2/_iW2/,„w*m^t;u = e2/-ie2/ei ■ ■ ■ e2f-iVu = ei ■ ■ ■ e2/-it'u = mxv„, 

whereas in the second, 

e2f-iW2f,nvlm„Vu = e2f-ie2fej+iej+2 ■ ■ ■ e„-i(ei ■ ■ ■ e2/-i)wu 
= ei ■ ■ ■ e2f-iej+iej+2 ■ ■ ■ e„_it'u 

= Cj+iCj ■ ■ ■ e2f+2mre2f+2e2f+3 ■ ■ ■ en-iVu = v*mrV^, 

as required. □ 



If A is a partition of n, let m^x = m\ + G A^/An, and define C'*' to be the right 
^„(x)-submodule of An/A'^ generated by m^A. Further, if A = {f,n — 2/) and — > A, 
define 



mtA, if /i = (/ - l,n - 2/ + 1); 

mixW2f,n, if /i = (/,n - 2/ - 1), 



and, let A^^ denote the v4„_i(x)-submodule of generated by y^. 

In the next two lemmas, we assume that Lemma [23] is valid when applied to the algebra 
An-i{x) and show that the lemma is also true when applied to the algebra An{x) in the 
case that A is maximal among partitions of n. 

Lemma 2.6. Let n = 2f and A = (/, 0). // /i = (/ - 1, 1), then {y^v^ : s G T.„_i(/i)} 
generates as an R-module, and the R-module map — determined by 

y^Vs, ^ mt, for t G In (A) and s = t|„_i G 

25 an isomorphism of An-i{x) -modules. 

Proof. Let h G Since = 0, by Lemma YTM. which we apply inductively, 

there exist a„ G i?, for G depending only on 6, such that 



OGX„-i{/i) 



Since = e2/-im^, we multiply both sides of the above expression by e2/-i on the left 
to obtain 

mxb = e2f-im^b = ^ aoe2/-im^t;t, = ^ a^juxVy,, 

OG'X„_l(/i) UG'Xn(A) 

where Ot, = Cu whenever u|„_i = 0. 

Now we show that the collection {y^v^ : s G generates as an i?-module. 
If t G X„(A), and s = t|„_i, then either 

(i) Shape(s|„_2) = (/ — 1,0), in which event G v4.„,_2(a;), or 

(ii) Shape(s|„_2) = (/ — 2, 2), in which event ft = e„_2Wu5 where G An~2{x). 

In the case (i), rnxv^en-i = xnixv^, while, in the case (ii), mxVien-i = T^x^n-2Vvi^n-i = 
m^fu which, since £ ^n-i(a;), can be written as 

mxVu = ^ ttomxVo, 
oe1„_i(At) 

where a^, G R, for D G T„,_i(/i). Thus, if 6 G ^„_i(x)e„_i^„_i(x), then m^ft can be 
expressed as an i?-linear combination of terms from {y^fg : s G T„„i(/i)}. This completes 
the proof of the lemma. □ 



Lemma 2.7. Let n = 2f + 1 and A = (/, 1). If fi^^^ = (/, 0) and fi^^^ = (/ - 1,2), th 



en 



(2.4) (0) = m^"^ C A^^*'^ C iV^*'^ = 

5 



is a filtration of the An{x) -module by An-i{x) -modules. Moreover, if jj, E fx^"^^} , 

then {y^Vs '■ 5 G freely generates N^^ as an R-module, and the R-module homo- 

morphism N^^'^ /N^^' determined by 

(2.5) y^v, + iV^''"'' ^ mt, for t G X„(A) and s = t\n-i e 

is an isomorphism of An~i{x) -modules. 

Proof. We have = m^A and y^(2) = m^\e2f, so y^^2)^2f-i = y^w, which shows that 
is an inclusion of ^„_i(x)-modules. Furthermore, if 6 G An~i{x) and 
u G T„_i(/i'^^''), then, by Lemma [2l6| there exist G -R, for G X„,_i(A), such that 

oe'I„(M(i)) 

thus, 

yiw^ub= a^y^wv^- 

d6T„-i(m(1') 

If u G X„,_i(yu'^^)), then |/^(2)fu& = &2f~ie2fm^{2)vJ} + and, by Lemma [231 which 

we apply inductively, 

e2/_ie2/m^(2)Wu& = ^ aDe2/-ie2/m^(2)?;v, + ^ a^te2f-ie2fV*m^wVi, 
oex„_i(M(2)) r,tex„_i(M(i)) 

which shows that 

oe1n-i(Ai(2)) r,tGX„-i(M(i)) 

where the sum is over r G Since in fact f ^ = 1 whenever r G T^''r/''(/i*^"^^), 

and e2/_ie2/m^(i) = = from the above expression, we obtain 

y^[2)Vub= Yl (^oy^(2)Vv+ Y atm^wvu 

which shows that the i?-module map map given by (12. 5p is a ho- 

momorphism of ^„,_i(a;)-modules. It remains to show that if 6 G ^„,_i(a;)e„_i^„_i(x), 
and t G X„ (A), then mxVtb can be expressed as an i?-linear combination of elements from 
{mxVs : S G T„(A)}. 

Let t G T„(A), t|„_i G T„_i(/i(^)) and u = t|„„2- Then Shape(u) = (/ - 1,1) and 
Vt = Vu E An^2{x). Hence fte2/ = e2/Wu = where G T„,(A) satisfies o|„_i G 
T„,_i(/i'^^^); It follows that rnxViCn-i = fnxe2fVi = rnxv^, which shows that in this instance, 
if 6 G An-i{x)en~iAn~i{x) , then nixVib can be expressed as an i?-linear combination of 
the required form. 

If t G T„(A), t|„,_i G T„_i(/i'^^)), and u = t\n~2, then either 

(i) Shape(u) = (/ — 1, 1), in which event G An-2{x) and Vi = e2/fu, or 

(ii) Shape(u) = (/ — 2, 3), in which event Vi = e2/e2/-2e2/-it'u, where G An-2{x). 
In the case (i) above, 

rnxViCn-i = mxe2fVuen-i = mxe2fVue2f = xmxe2fV^ = xnixVt, 
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while, in case (ii), 

mxvten-i = mxe2fe2f-2e2f-iVuen-i = mxe2fe2f-2e2f-iVue2f = mxe2fe2f-2Vu- 

Since e2f-2Vu ^ An-i{x), the rightmost term in the above equahties can be expressed as 
a hnear combination of elements from {mxv^ : s G T„(A)}. This completes the proof of 
the lemma. □ 

The following corollary provides the base case in the induction used in the proof of 
Lemma 12.91 

Corollary 2.8. Let f be a non-negative integer, and n = 2f + 6, where 6 G {0, 1} and 
X = (/, 6). If Lemma \2^ holds for An-i{x), then the set {mux, = VumxVx, : u, G Tfc(A)} 
freely generates as an R-module. Furthermore, if u E T„,(A) and b G An{x), then 
there exist a„ G R, for G X„_i(A), depending only on u and b, such that 

rrixvj) = ^ a^nixVx,. 

oex„(A) 

In the next lemma, we take A = {f,n — 2f) to be a partition with n — 2f > 1, and, 
using Corollary 12.81 assume that Lemma [2.41 holds for for An-i{x) and for An{x) in the 
case of partitions z/ > A. 

Lemma 2.9. Let \ = {f,n - 2f), where n > n - 2f > 1. If jj'-^^ = (/, n - 2/ - 1) and 
^(2) = (/_i^n-2/ + l). Then 

(2.6) (0) = m^"^ C N"^'^ C N"^'^ = 

is a filtration of the An{x) -module by An~i{x) -modules. Moreover, if jj, G fx^"^^} , 

then {yfi^Vs : s G X„,_i(/i)} freely generates N'^ as an R-module, and the R-module homo- 
morphism N^^'^ /N^^' determined by 

(2.7) y^v, + iV^'""" ^ mt, for t G T„(A) and s = t\n-i G %n-i{l^), 
is an isomorphism of An-i{x) -modules. 

Proof. First, if z/ = {k,n-2k-l)\> fi^^\ and b G A'^,^^, then C^b = 0, since A^-i C A^ . 

Next, observe that, if we write = (2/, n — 2/ — 1), then, consistent with the inclusion 
of algebras in fll.4p . the ^„_i(x)-module iV^ is isomorphic to the ^„_i(x)-module C^. 
Thus, by induction, {y^v^ : s G T„_i(/i)} freely generates A^'^ as an i?-module. 

If yU = (/ — 1, n — 2/ + 1), then y^Wn^i,2f-i = f^e^^ showing that (12.61) is an inclusion 
of ^n_i(x)-modules. 

Now, let /i = (/ — 1, n — 2/ — 1), suppose that t G T„_i(/i), and consider the action of 
an element b G An~i{x) in the expression 

(2.8) mxWf^nVib = e2f-iW2f,nm^Vib. 

By Lemma [231 which we apply inductively, there exist at, G R, for D G X„(A), which 
depend only on t, such that 



(2.9) m^vfi = ^ a^m^Vx, + ^ 



s,u6X„-i(i/) 



where the latter sum is over partitions u = {k,n — 2k — 1), for k = /,/ + !,..., and 
s e X^Li (i^)- Substituted into (I2SD, the expression fl2.9|] gives 

(2.10) mxW2f,nVtb= ^ a^e2f-iW2f,nmf,Vo+ ^ asue2/-iu^2/,n<"^!.^u 



s,ugX„(i') 



ax>mxW2f,nVt>+ ^ asue2f-iW2f,nV*m^Vu 



= ^ atmAfc+ ^ asne2f~iW2f,nvlm^Vu, 

teX„(A), !^>M 
rU_iGX„_i(M) s,ueX„(i/) 

where, in the above expression, E R are defined, for r G T„(A), by the condition that 
ttp = ar whenever r|„_i = G T.„_i(/i). 

Now, using Lemma [2. 5[ we turn our consideration to the summands e2f-iW2f^nVl'fnyV^ 
appearing in (12.101) . Let r = (/ + 1, ri — 2/ — 2); if v = (/, n — 2/ — 1), then either 

(2.11) e2f-iW2f,nVlm^Vu = mxv^i, where o' G T„_i(A) and Shape(o'|„_i) = 
or, there exists t' G %n (r), such that 

(2.12) e2f-iW2f,nvlmyVu = vl,mrV„', where o' G T„(r) and t)'|„„i = u. 

Now suppose that u = {k,n — 2k — 1), where = / + 1, / + 2, . . . , let s G T„„]^ (z/), and 
consider the product e2f-iW2f^nVlrni,. We may write 

^'s = Wj^^2iWj^,2i+2 ■ ■ ■ Wr,2k, where f <i <k and 2z < jo < Ji <■■■<'"< - 1- 
If = 1, then 

e2/-iW2/,„<m^ = e2/-iW2/,„mj, = e2/-iW2/,„eie3 ■ ■ -62^-1 = W2k+2,neie3 ■ ■ -62^+1; 
otherwise, if / < z, so that f* G (627+2, • • • , ^n-2)-, then 

e2f-iW2f,nV*mi, = e2f-iW2f,nvleie3 ■ ■ ■ e2k-i 

= e2f+iW2f+2,nvleie3 ■ ■ ■ e2k-i 

= e2f+lW2f+2,nVlm^. 

Thus we suppose that v* = Wjo^2/'W^ji,2/+2 ■ ■ ■'U^r,2fc where 2f < Jq < ji < ■ ■ ■ < r, in which 
event, 

62/, ifjo = '^-l; 

^62/6jo+i6jo+2 ■ ■ ■ 6„_i, if 2f < jo < n - 1. 

Let Wg, = Wjj,2/+2 ■ ■ ■Wr,2k] in the first case in (12.131) . using 62/-162/62/-1 = 62/-1, 

e2fW2f,nvlm^ = e2f-iW2f,nWn-i,2fvl,m^ = e2f-ie2fV*,m„ = v*,m^, 

and in the second, 

e2f-lW2f,nVlm^ = 62/_l62/6jo+i6jo+2 " " ■ en-lVl,m„ 

= 6jo+i6j(,+2 ■ ■ ■ en-ivl,m^. 

Let u' = {k,n — 2k), so that \—>- m^i under the inclusion An~i{x) ^ An{x), and 
let h' = e2f-iW2f,nVs take a value in {f*,, 6^0+16^0+2 ■■■ 6„,_if*,}, depending on the case 
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(2.13) W2f^nWjo,2f 



in (12.131) . Since 6' G (cj : 2/ < i < n), and u' > A, there exist a^" G -R, for s" G 'X„(i^'), 
such that 

(2.14) e2f-iW2f,nVs'mu = b'm^' = ^ vl„m^' + ^ a^/ff^m^/ft', 

^ r',t'GX„(r') 

where r' G Ti-^V)> t' G T^i''^(r'), and a^'t' e -R, for r' > u'. If u G 1„„i(z/), then = w„/, 
where u'|„_i = u G T„_i(z/) and u G T„(i/'), we muhiply both sides of f l2.14p by Vu = fu' 
to obtain 

(2.15) e2f-iW2f,nVsmuVn= ^ vl„m^'Vu' + ^ ar"t"<"m^/i;t", 

^ " ^ r",t"eX„(T') 

where r" G T^/V')> t" G Tn(r'), and a,n" e i?, for t' > v' . 

Combining (ICTl) with (EHID, (12321) and (l2J[5l) . we have shown that if t G T„(A), 
Shape(t|„_i) = /i^^^ and h G .4n-i(a;), then there exist Cr, a,,/ G -R, for r, t)' G T.n(A), where 
Shape(r|„_i) = /i*^^^ and Shape(ti'|„_i) = /i^"'^^ satisfying 

(2.16) mxVih= ^ armAt'r+ ^ ao'mAWo' + ^ asuvlm^Vu, 

reTnCA) o'6'In(A) 7>A 

Shape(r|„„i)=At(2) Shape(o'|„_i)=^j(l) s,uGl„(7) 

where the sum is over s G %n\'y), u G %n{l), and a^u G i?, for 7 > A. The manner 



in which the G R, for r G T„(A) satisfying Shape(t|„_i) = yU^^^ are derived in fl2.10p 
from the action of An-i{x) on C^^ shows that the map (12.71) is a homomorphism of 
-^n-i (a^)^Hiodules. 

It remains to demonstrate that = C . To this purpose, we show that if t G T„(A) 
and h G ^„_i(x)e„_i^„_i(x), then ruxVib can be expressed as a sum of the form (12.161) . 
Firstly, we suppose that t G T„(A) and let u = t„_i satisfy Shape(u) = In this case, 
Vi = Vue An-i{x). If G An-2{x), then 

(2.17) rnxViCn-i = mxCn-iVi = Wn,2f+2m^W2f+2,nVt, where = (/ + 1, n - 2/ - 2). 

By what we have already shown, the term appearing on the right hand side of (I2.17P can 
be written as a sum of the form (12.160 . Otherwise, if = W2f,n-iVv, where Shape(t)) = 
(/ — 1, n — 2/) and G An-2{x), then 

(2.18) mxVien-l = mxW2f,n-lVoen-l = mxW2f,n-ien-lVv = mxW2f,nV(, = mxVs 

where s G T„,(A) is defined by s|„,_2 = D and Shape(s|„_i) = (/ — l,n — 2/ + 1). Now 
suppose that Vt = W2f,nVu, where Shape(u) = (/ — l,n — 2/ + 1). If G An-2{x), then 
nixVien-i = xnixVi, otherwise = W2f-2,n-iVo, where Shape(t)) = (/ — 2,n — 2/ + 2) and 
ft, G An-2ix). Thus, 

rrixVien-l = mAW2/,„W2/_2,n-l^'Be„-l = mxW2f,nW2f~2,nVo = mxW2f,nW2f~2,n~2Vo, 

which is a term that we have already shown can be expressed as a sum of the form (12.161) . 
This completes the proof of the lemma. □ 

Proof of Lemma Firstly, if 6 G An~i{x), then (12.31) holds by virtue of the calculations 
preceding (I2.16P in the proof of Lemma and, if 6 G An-i{x)en-iAn-i{x) , then the 
proof of the fact that A^'^ ^ = in the proof of Lemma 12.81 shows that (12.31) holds. □ 
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Example 2.1. If n = 6 and A = (2, 2), then the elements mxv^, for s G T„(A), are given 
in terms of the diagram presentation for An{x) are as follows: 



s = ((0, 0), (0, 1), (1, 0), (1, 1), (2, 0), (2, 1), (2, 2)): 



s = ((0, 0), (0, 1), (0, 2), (1, 1), (2, 0), (2, 1), (2, 2)): 



s = ((0,0),(0,l),(l,0),(Ll),(l,2),(2,l),(2,2)): 



s = ((0, 0), (0, 1), (0, 2), (1, 1), (1, 2), (2, 1), (2, 2)): 



s = ((0, 0), (0, 1), (0, 2), (0, 3), (1, 2), (2, 1), (2, 2)): 



s = ((0, 0), (0, 1), (1, 0), (1, 1), (1, 2), (1, 3), (2, 2)): 



s = ((0, 0), (0, 1), (0, 2), (L 1), (1, 2), (1, 3), (2, 2)): 



s = ((0, 0), (0, 1), (0, 2), (0, 3), (1, 2), (1, 3), (2, 2)): 



s = ((0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (1, 3), (2, 2)): 



3. JucYS-MuRPHY Elements for Temperley-Lieb Algebras 

In [1], T. Halverson, M. Mazzocco and A. Ram have defined a family of commuting 
operators in the affine Temperley-Lieb algebras. The operators of |lj are analogues to the 
Jucys-Murphy elements from the representation theory of the symmetric group. For the 
purposes of these notes, it will be useful to define in v4„,(x) a sequence (Tj : i = 0, 1, . . . ) 
by To = 0, Ti = 0, T2 = Ci, and 

Tj+i = -CiTi - TiCi + CiCi^iTiCi - - CjZj.a, for z = 2, 3, . . . 

where, 2:1 = 0, and 

i 

= ^ x''Ti_k, for z = 2, 3, . . . . 

A;=0 

Lemma 3.1. For i = 2,3, . . . , the following statements hold: 
(1) Ci+iCiTiCi+i = ei+iTiCiCi+i; 
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(2) CiCi—.\TiCi CjTj^Ci—\Ci^ 

(3) z* = and T* = T,; 

(4) ei_iTi+i = Ti+iei_i; 

(5) ei{xTi + Tj+i) = (xTi + Ti+i)ei; 

(6) Tj commutes with Ai-i{x); 

(7) t/ie element Zi = X]l=o ^'^-^^-^ central in Ai{x). 

Proof. The item follows from the relation ej+iejej+i = Cj+i and fact that Cj+i com- 
mutes with Tj. Turning to the statement ([2]), which is true when i = 2, we proceed by 
induction. Since 

Ti = — ej_iTj_i — Tj_iei_i + ei_iej_2Tj_iej_i — 2;j_2 — Zi^^i^i, 

applying ([T]) yields 

xeiTi—i Ciei—iTi—^Ci—^ei 

~t~ Xeiei—iT^_iC'i—2^i—l^i 

xeiTi_i 6262—1^2—162—162 

+ 0:6262-162-2^2-162-162 - 622:2-2 - a:622;2-3 

as required. The statement follows from ([2]), while 

(3.1) 62-1T2+1 = -62-162T2 - 62-1T262 + 62-16262-1T262 - 62-1^2-1 - 62-1^2-262 

62—162^2 ^i—l^i^i ~t~ ^i—l^i^i 62—1^2—2^2 
= ~e2-i6jTj — 62-lTj-i — 62-1^2-1 — 62-1^2-262. 

Now, 

62-162T2 + 62-1T2-I = -62-16262-1T2-I - 62-16271-162-1 

+ e2-l6262-l62-2T2-l62-l — 62-1622:2-2 — 62-1622:2-362-1 + 62-lT2-l 

= — Cj-iTj-i — 62-164X2-162-1 

+ 62-162-2X4-162-1 — 62-1622:2-2 — 62-12:4-3 + 62-1X2-1 

= ~ej-i6jTj-i6j-i + 6j-i6j-2Tj-i6j-i — 64-1642:2-2 — 62-12:4-3, 

which, substituted into (13. ip . yields 

Ci-iTj+i = 62-162X2-162-1 — 62-162-2^2-162-1 + 62-12:4-262 — 62-12:2-262 + 62-12:2-3 
= 62-162X2-162-1 — 62-162-2X2-162-1 + 62-12:4-3 
= 64-1X4-16464-1 — 64-1X4-164-264-1 + 64-12:4-3 

= X4 + 164-1. 
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To see ([5]), we have 

Ci{xTi -\- Tij^\j X€iT{ XCiTi CiTiCi ~\~ XCiCi—\TiCi 6jZ^_i XZi—2^i 
^{TiCi "h XCiCi—\Ti€i 62^2—1 ^^i—2^i 
^iTi€-i "h XCiTiCi—i€i Zi—\Ci XZi—2Gi 

= {xTi + Ti+i)ei. 

The proof of ^ and ([7]) is a joint induction. We assume that commutes with Tj 
whenever /c = l,...,'i — 2, and that is central in Ak{x) whenever k = 1,2, . . . ,i. Since 
it is aheady known that Tj+i commutes with ej_i, we first show that Tj+i commutes with 
ei_2. By item ^, 

(3.2) Ti+iei-2 = -eiTiei-2 - Tieiei-2 + eiTiei-ieiei-2 - Zi_iei-2 - eiZi-2'ii-i 

= —Gi-2GiTi — ei-2Tiei + ejTjej_iejej_2 — ej_22j-i — eiZi-2^i-2- 

Hence we must show that eiTiCi^iei — eiZi_2 commutes with ej_2; to keep the indices 
within nice bounds, we demonstrate that ek+iTk+iekCk+i — Ck+iZk-i commutes with Ck-i- 

ek+iTk+iCkek+iCk-i — Ck+iZk-iCk-i = —ek+iekTkCkek+iek-i — xek+iTkCkCk+iek-i 
+ xek+iekTkek-iCkCk+iek-i — ek+iZk-iCkCk+iek-i 

— Xek+iekZk-2Gk+l^k-l — ^k+l^k-l^k-l 

= —^k+l^kTkG-kG-k+l^k-l — XCk+lTkCk-l + XCk+lTkCk-l — Ck+lZk-lCk-l 

— Xek+lZk-2Gk-l — ^k+lZk-l^k-l 

= —^k+i^kTkG-kG-k+i^k-i — xek+iek-iZk-2 — '^^k+i^k-i^k-i- 
Since (efc+ieA..-i^fc~2)* = ek+iek-iZk-2, we consider 

^k+l^kTk^k^k+l^k-l + '^^k+lZk-l^k-l = —^k+l^k^k~lTk-l^k^k+l^k-l 

— ^k+l^kTk-l^k-l^k^k+l^k-l + ^k+l^k^k-lTk-l^k-2^k-l^k^k+l^k-l — ^k+l^k^k-l^k+l^k-l 
— ^k+l^k^k-lZk-Z^k^k+l^k-l + '^^k+lZk-l^k-l 

= —Gk+iTk-iCk-i — Ck+iTk-iCk-i + efc+iefc-iTfc_iefc_2efc-i — xek+iZk-2ek-i — ^k+iGk-iZk-s 

+ 2efc+i2;fc_iefc_i 

= efc+iefc-iTfc_iefc_2efc-i — xek+iZk-2ek-i — '^(^k+iZk-2(^k-i 

= efc+iefc_iefc_2Tfc_iefc_i — xek-iek+iZk-2 — '^ek-iek+iZk-2, 

which shows that ek+iekTkCkek+iek-i + 2ek+iZk-iek-i is fixed by * : Ak+2{z) Ak+2{z), 
and therefore that ejTjej_iej — ejZj_2 commutes with ei_2. Hence, by fl3.2l) . Tj+i commutes 
with ej_2. Now, ifA; = l,...,z — 3, then by induction, 

T-^i-\-\^k ^i^i^k T^i^i^k ~t~ ^i^i—lT^CiCk ZiCk ^i-^i—2^k 

^k^i^i ^k^i^i ~1~ ^k^i^i—l^i^i ^k^i ^k^i-^i—2 ^k^i+1- 

The item shows that Zi^i commutes with ei, . . . ,6^, which completes the induction 
and the proof of the lemma. □ 

Since the elements of (Tj : z = 0, 1, . . . ) commute, we are justified in referring to the T, 
as "Jucys-Murphy elements" for the Temperley-Lieb algebras. 
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Define a sequence (pj G -R : i = 0, 1, . . . ) by po = 0, pi = 1 and Pi+i = xpi — Pi^i for 
i = 1, 2, ... . For k = 1,2,..., introduce a sequence (T^*'^ : z = 0, 1, . . . ) by Tq'^^ = 0, 
T^''^ = 0, T2'^'* = Cfc, and, for z = 2, 3, . . . , 

Tn(fc) _ Tn(fc) Tn(fc) , Tn(fc) (fc) (fc) 

where = 0, and 

= ^x^t£], for ^ = 2,3,..., 

i=o 

so that the T. , for ? = 0, 1, . . . , and A; = 1, are just the Jucys-Murphy elements. 
Lemma 3.2. For i = 1, 2, ... , Ziei = eizl% + Pi^i; o,nd Tj+iei = eiT^^^ — Pi^iCi. 

(3) (3) 

Proof. Note that eiZ2 = P2ei + 612;^ and eiT^ = eiT^ —piCi, and proceed by induction. 
If i > 3, then 

Tj+iCi = -CiTiCi - TiCiCi + eiei^iTiCiCi - Zi_xe\ - eiZi_2ei 

= -eieiTj;% - eiT^%ei + 2pi_2eiei + eieiei-iT^%ei - pi-2eieiei-iei 

(3) (3) 

- ei2-_3 - pi-iei - e\eiz\_^ - Pi-2e\ei 

rpiS) rr{3) , rr{3) (3) (3) 

= ei7;^5i -Pi-iCi, 

while 

2:^61 = xzi_iei + TiCi = xeizl% + xpiCi + eiT/5i - Pi-iCi 

= e,(x.a + Ti%) + [xp.., -p._2)e, = e.^S +P.e„ 

as required. □ 

Corollary 3.3. For i = 1,2, . . . , and k = 1,2, . . . , 

(k) (fc + 2) , , rrik) rr{k+2) 

A 'tk = ekZl_2 +Piek, and ^i+i^fc = ^^-^-i - Pi-iek- 

The following elementary lemma will be used to give the eigenvalues of the Jucys- 
Murphy elements. 

Lemma 3.4. The sequence (pj G i? : i = 0, 1, . . . ) satisfies the following relations: 

(3.3) p2j + P2j+2 H \-P2i= Pi-k+iPi+k - Pj-kPj+k+i, for k e {1,2,.. 

(3.4) p2j+i + p2j+3 H h P2i+i = Pi-k+iPi+k+i - Pj-kPj+k, for k e {0,1, . . . 

Proof. We first show that, 

(3.5) p2i = Pi-k+iPi+k - Pi-kPi+k-i, for /c = 1, . . . , i 

(3.6) p2i+i = Pi-k+iPi+k+i - Pi-kPi+k, for = 0, . . . , i 
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Since (13. 5p and (13.61) both hold when k = i, by induction, 

Pi-k+2Pi+k-l — Pi-k+lPi+k-2 = {xpi-k+1 — Pi-k)Pi+k-l — Pi-k+lPi+k-2 

= Pi_k+l{xpi+k~l - Pi-k-2) - Pi-kPi+k-1 
= Pi-k+lPi+k — Pi-kPi+k-1 = P2i, 

and, 

Pi-k+2Pi+k — Pi-k+lPi+k-1 = {xpi^k+1 — Pi-k)Pi+k — Pi-k+lPi+k-1 

= Pi-k+l{xPi+k - Pi-k-l) - Pi-kPi+k 
= Pi-k+lPi+k+l — Pi-kPi+k = P2i+1- 

From (13. 5p . we have, for k G {1, . . . , j}, a telescoping sum 

P2j + P2j+2 H VP2i= Pj^k+lPj+k - Pj~kPj+k^l 

+ Pj-k+2Pj+k+l — Pj-k+lPj+k + ■ ■ ■ + Pi-k+lPi+k — Pi-kPi+k-1 

= Pi-k+lPi+k — Pj~kPj+k~l- 

Similarly, from (13.61) . we have, for k G {0, . . . , j}, a sum 

P2j+l + P2i+3 H \- P2i+1 = Pj^k+lPj+k+1 - Pj-kPj+k + 

+ Pj-k+2Pj+k+2 — Pj-k+lPj+k+1 + • ■ ■ + Pi-k+lPi+k+l — Pi-kPi+k 

= Pi-k+lPi+k+l — Pj-kPj+k- 

□ 

It will be useful to note that from the previous lemma: 

P4 + P6 H \-P2i= Pi-lPi+2 = {xPi - Pi+l)pi+2] 

P2j + P2j+2 H VP2i= Pi-j+iPi+j for j = 1, 2, . . . , z - 1; 

P2j+i + P2j+3 H h P2i+i = Pi-j+iPi+j+1 for j = 0, 1, . . . , z - 1. 

Lemma 3.5. If X = {f,n — 2f) is a partion of n, and i is an integer, I < i < n, then 

] PfPi-f+irriix, tf2f + l<i<n; 

I PfcPi-fc+i'^t^j z/i = 2k, or i = 2k + 1, and < k < f . 

Proof. The statement being true when z < 1, we proceed by induction, first considering 
the case where i G {2k, 2k + 1 : < k < /}. If 2 = < / and and Z2k-i acts on by 
the scalar p^-iPk+i, then 

mxT2k = eiCgTsfc = CiCsT^^^ - ^26163 = 0, 

so that, in this instance, Z2k = {xz2k-i + T2k) acts by xpk-iPk+i = PkPk+i- If 2 < A; < /, 
and Z2k-i acts on m^x by the scalar pk-iPk+i, then 

6163 ■ ■ ■ e2k-iT2k = 6163 ■ ■ ■ e2k-iT^^''~^^ - (P4 + H h ^2^-2)6163 ■ ■ ■ 62^-1 

= -(P4 + P6 H \- P2fc-2)eie3 ■ ■ ■ e2k-i 

= {pkPk+i - xpk-iPk+i)eie3 ■ ■ ■ e2k-i, 
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so that 

'mixZ2k = m^x{xz2k-i + T2k) = {xpk-iPk+i + PkPk+i - xpk-iPk+i)m^,^ = PkPk+im^x. 
If < A; < /, and Z2k acts on m^A by the scalar pkPk+i, then 

eiCs ■ ■ ■ e2k-iT2k+i = 6163 ■ ■ ■ e2k~iTi'^''^^^ - (Pi + Ps H \- ^2^-1)6163 • • • 62^-1 

= {PkPk+2 - xpkPk+i)eie3 ■ ■ ■ e2k-i, 

so that 

mixZ2k+i = m^x{xz2k + T2k+i) = {xpkPk+i + PkPk+2 - xpkPk+i)m^x = pkPk+2mix. 

Now we turn our attention to the action of where 2f + 1 < i < n. If i = 2/c, 

where f < k, and Zi^i acts on niix by the scalar pfP2k-f, then 

k-l 

mxT2k = 6163 ■ ■ ■ e2/-iT2fc = 6163 ■ ■ ■ e2f-iT^lLl2j' - ^ ^2^6163 ■ ■ ■ 627-1 

j=k-f 

fc-i 

= - ^ P2j'mx = -pfP2k-f-i'mx mod A^, 

j=k-f 

so Z2k acts on m^x by the scalar 

XPfP2k~f - PfP2k~f~l = Pf{xp2k-f - P2k~f~l) = PfP2k^f+l = PfPi~f+l- 

Similarly, if i = 2/c + 1, and Zi^i acts on m^x by the scalar pfP2k-f+i then 

k-l 

mxT2k+i = 6163 ■ ■ ■ e2/-iT2fc+i = 6163 ■ ■ ■ e2f-iT^l{~^}\i - ^ ^2^+16163 ■ ■ ■ e2/_i 

j=k-f 

k-l 

= - ^ P2j+imx = -pfP2k-fmx mod A^, 

j=k~f 

SO Z2k+i acts on m^x by the scalar 

XPfP2k-f+l - PfP2k~f = Pf{xP2k~-f+l - P2k~f) = PfP2k-f+2 = PfPi-f+l- 

□ 

Let A be a partition of n and t G T„(A). Define a sequence (rt(A;) E R : k = 0,1, . . . ,n) 
by rt(0) = 0, rt(l) = 0, and 

{pi - xpi-i)pk-i+i, if Shape(t|fc) = {i,k- 2i), 

and Shape(t|fc-i) = {i — I, k — 2i + 1); 
(Pfc-j+i - xpk-i)Pi, if Shape(t|fc) = {i,k- 2i), 

and Shape(t|fc-i) = {i,k — 2i — 1), 

for /c = 2, 3, . . . , n. 



rt(/c) = < 



Corollary 3.6. Let X be a partition of n and t G Tn(A). //A; is an integer, < k < n, 
then there exist ao G R, for G T„(A), swc/i that 

mtTk = r^{k)mi + ^ aomt,. 
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If A is a partition of n and t G T„(A), define 

k 

Zi{k) = xW^ik — i), for /c = 0, 1, . . . , n. 

Corollary 3.7. Let X be a partition ofn andt G T„(A). If fi = {i, k—2i) and Shape(i|fc) = 
fi, then Zi{k) = piPk-i+i, and there exist G R, for s G T„(A) , such that 

mtZk = Zt{k)mi + ^ a^m^. 

Lemma 3.8. Let \ be a partition ofn ands, t G Xn(A). If5\n-i = i\n-i o-nd r^in) = ri{n), 
then s = t. 

4. An Orthogonal Basis 

To determine the action of the generators of An{x) on an orthogonal basis for An{x), we 
require an alternative definition of the Jucys-Murphy elements as given in Corollary I4.2[ 

Lemma 4.1. For i = 2,3, . . . , 

^i^i—lTi^i XZi—iCi ~\~ Zi—2^i ~t~ Pi^i-, and^ CiTiei 2Zi—iei ~\~ Pi—\ei. 

Proof. The lemma being true when z = 2, we proceed by induction: 

ei+iCiTj+iei+i = — xej+ieiTjej+i — ej+iejTjejei+i + a;ej+iejei_iTjejej+i — Zj_iej+i — xej+iZj_2 
= -xTjCj+i + 2zi-iei+i - pi-iCi+i - x^Zi-iei+i + xzi_2ei+i + xpiCi+i - ^j-iCi+i - xzi-2ei+i 
= —xzieij^i + 2;j_iej+i +pj+iej+i, 

while 

Cj+iTj+iei+i = — 2Tje.j+i + ej+iejej_iTjejej+i — xZi-iCi+i — Zi-2Gi+i 

= — 2Tjej+i — X2;j_iej+i + 2;j_2ej+i + pjCj+i — X2;j_iej+i — 2;j_2ei+i 
= -2ziei+i +piei+i. 

□ 

Corollary 4.2. For i = 2, 3, . . . , 

Tj_|_i = —eiTi — TiCi + — X2j_i)ej — 

Corollary 4.3. For i = 2,3, . . . , and k = 1,2, . . . , 

(4.1) eiTlXi = ei{pi+i - xzi + Zi_if 

Proof. From Corollary fl4.2p . 

~1~ xeiTri eiT^Ci x Zi—iei Zi—\ei ~\- xpie^ 

2zi—\ei Pi—^ei X Zi—\ei Zi—\ei ~\- xp^e^, 

which shows that the statement (14. ip is true when k = 1. The general case now follows. 

□ 
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In what follows, we let F denote the field of fractions of i?, and denote by £^n{x) the 
F-algebra generated by ei, . . . , e„, so that s^n{x) = An{x) ®_r F. Following [Tj, let 

= {rt(/c) : t G Tfc(A) for A a partion of n}. 

Let A be a partition of n. As in [T], if t G T„(A), define 

^t = n n rm-r' 

k=2 rG5H(fc), 

and let f\ = rriiFi. 

Lemma 4.4. If X is a partition of n, then 

(1) «/t G T„(A), t/ien there exist au G -F, for u G T„(A), snc/i that 

uot 

(2) the set {/t : t G T„(A)} zs a 6asis over F for the £^n{x) -module C^; 

(3) z/s,tGT„(A), t/ien (/„ /t) = 5,,t; 

(4) «/t G T„(A) anc? A; is an integer, < k < n, then /tT^ = ri_{k)fi and fiz^ = Zi{k)fi. 

Let A be a partition of n. If t G T„(A) and k is an integer 1 < k < n, define a set 
{efc(s, t) G F :s G T„(A)} by 

(4.2) f,ek= Yl efc(s,t)/.. 

Lemma 4.5. Let X be a partition of n and t G T„(A). //efe(s, t) are determined by (14. 2p . 
t/ien 

(1) «/s G T„(A) and efc(s, t) 7^ 0, t/ien rg(i) = rt(i) whenever i ^ k — 1 and i ^ k; 

(2) z/efc(s, t) ^ for some s G T„(A), then = t(*^+i) and 5^''"^'^ = s(^+^); 

(3) ifek{s, t) 7^ for some s G T„,(A) wit/i s 7^ t, i/ien efc(u, t) = whenever u ^ {s, t}; 

(4) if ek{s, t) 7^ 0, where s G T„,(A), and t> s, then 

, , rt(k + 1) + zt(k - 1) , , , 

''^'^ = p,-xz,{k-l)-2r,{ky ''^'^ = 

rs(/c + 1) + Zs{k - 1) / N /. A 

efc(s,s) = 77 -T — ^-TTT, efc(t,5) = efc(s,s)efc(t,i). 

Pfc - xzs[k - 1) - 2rs(fc) 

Proof. The item ([T]) follows from the fact that commutes with Tj whenever i ^ {k — 
1, A;}. For the item ([2D, we use the fact (c/. Lemma [3 ■2p that 

CkZk+i = ek{zk-i +Pk+i) 

to observe that 



(4.3) 



Zi{k + 1) efc(s,t)/,= J2 iz,{k-l)+pk+i)f,. 

se'ln(A) sel„(A) 
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Ifs= (A*^°'', . . . , A*^"-*) and Shape(s|fc_i) = (i — 1, /c + l — 2i), then there are four possibihties 
for the sequence Efiven as follows: 

(4.4) (A^'-^), A^'-), A^'^^^)) = {{i-l,k-2i + 1), (z, k - 2z), {z, k - 2i + 1)) 

(4.5) (A^'^-^), A^'^), A^'^^^)) = {{t -l,k-2t + 1), {i-l,k-2i + 2), (i, k-2i + 1)) 

(4.6) (A^^-^), A(^'\ A^'^^^)) = ((« - 1, A; - 2z + 1), (i, k - 2t), {t + l,k-2i- 1)) 

(4.7) (A^'^-^), A^'^), A('=+^)) = ((z - 1, - 2z + 1), {i, k-2i + 2), (z, k-2i + 3)). 
Taking s G Tn(A) as in (14.61) and (14. 7p respectively, the expression (14.31) gives: 

(4.8) efc(s, i)pi+ipk-i+i = ek{5, t){pi-ipk-i+i + Pk+i); 

(4.9) ek{s, t)pi_iPk-i+2 = efc(s, t){pi_iPk-i+i + Pk+i); 
Given that 

Pk+i = Pi+iPk-i+2 - Pi-iPk-i+i, for k = 1,2, ... , and i = l,...,k, 

the statements (14.81) and (14. 9 p imply respectively that 

Pi+i{pk-i+2 - Pk-i+i)ek{s, t) = 0, and pk-i+i{pi+i - Pi)ek{5, t) = 0, 

conclusions which are patently absurd unless efc(s,t) = whenever s'-^'"^^ ^ 5^^^^\ The 
statement ^ now follows. 

For the statement (jlj), we have 

fiTk+i = -ftekTk - ri{k)fiek + {pk - xzi{k - l))/tefc - Zi{k - l)/t 

which, comparing the coefficient of /t on both sides, implies that 

n{k + 1) = -n{k)ek{t, t) - rt(A;)e,.(t, t) + {pk - xz,{k - l))ek{t, t) - Zi{k - 1). 

Now the fact that ri{k+l)+Zi{k—l) ^ shows that the stated expression for efc(t, t) holds; 
the same reasoning yields the stated expression for efc(s,s). To observe that ek{s, t) = 1, 
by the maximality property of t and Corollary 12.21 

ftCk = miek + ^ au/uCfc = mtCfc = nis = fs - y^ap/p, 

U>t OI>S 

for some Ou, Op G F, with u, G T„,(A). 

To complete the proof of the lemma, fiCk = ek{t, t)fi + implies that 

xfiCk = fiel = ek{t, t)(efc(t, t)/t + f,) + 6^(1, s)/t + ek{s,s)f„ 

whence, comparing coefficients, 

X = ek{t,i) + ek{s,s), and xek{i,t) = {ek{t,t)f + ek{i,s). 

Thus 

ek{i,s) = efc(t,t)(a; - efc(t,t)) = ek{s,s)ek{t,t). 

□ 

Corollary 4.6. Let X be a partition of n, and k be an integer, 1 < k < n. Suppose that 
s, t G 'X„(A) satisfy t> s and ek{s, t) ^ 0. //Shape(t|fc) = {i,k — 2i), then 

I, ,N Pfc-2i+l , / N Pk-2i+3 

ek{t,t) = , and ek{s,s) = . 

Pk-2i+2 Pk-2i+2 
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Proof. From fl4.4p and fl4.5p . we have 

ri{k) = {pi - xpi-i)pk-t+i, ri{k + 1) = {pk-i+2 - xpk-i+i)pi, Zi{k - 1) = Pi^iPk-i+i 
rsik) = {pk-i+2 - xpk-i+i)pi-i, r^ik + 1) = {pi - xpi_i)pk-i+2, Zt{k - 1) = Pi-iPk-i+i- 



Substituting the above into the expressions provided in item (jlj) of Lemma [4.5[ 

n {Pk-i+2 - XPk^i+l)Pi + Pi-iPk^i+l PiPk--i+2 - Pi+lPk~i+l 

efc(t, t) - - 



Pk - xpi^ipk~i+i - 2{p, - xpi-i)pk-i+i Pk + xpi-ipk-i+i - 2piPk-i+i ' 
and 

iPi - XPi^i)pk-i+2 + Pi-lPk-i+1 PiPk-i+2 - Pi-lPk-i+3 



ek[S,s 



Pk - XPi_iPk-i+l - 2{pk-i+2 - XPk-i+l)pi-l Pk + XPi_iPk-i+l - 2pi_iPk-i+2 ' 

The required formulae now follow from elementary considerations, namely, if 2 < 2i < /c, 

Pk~2i+i = Pi+iPk-i+1 - PiPk-i+2, and Pk-2i+2 = 2piPk-i+i - xpi_iPk-i+i - Pk] 

Pk-2i+-i = PiPk-i+2 - Pi-lPk-i+3, and Pk-2i+2 =Pk + XPi_iPk-i+l - 2pi_iPk-i+2- 

□ 

Lemma 4.7. Let X be a partition of n, and k be an integer 1 < k < n. Suppose that 
s,tG'X„(A) satisfy t> 5 and ek{s,t) ^ 0. If Sh.ape{t\k) = {i, k — 2i) , then 

I -e f\ — Pk-2i+l{xPk-2i+2 ~ Pk-2i+l) in e \ _ Pk~2i+lPk-2i+3 i r r\ 

\h)hl — 7 75 \Ju It) — 7 75 — \/t) It) ■ 

{Pk~2i+2r {Pk-2i+2r 

Proof Since /tCfc = efc(t, t)/t + /s, 

(Aefc, = (efc(t, t))2(/t, /t) + (/„ /,), 
while associativity of the bilinear form implies that 

(/tCfe, ftCk) = xiftCk, ft) = xekii, t)(/t, ft)- 
Thus (/s, fs) = efc(t, t)(x — efe(t, t))(/t, ft), and the result follows from Corollary 14. 6[ □ 

5. The Determinant of the Gram Matrix 

If A is a partition of n, let dim(A) = jj{t : t G T„(A)} and write det(A) = nte'X„(A)(/t' /t) 
for the determinant of the Gram matrix associated with C^. The next result is a branching 
law. 

Lemma 5.1. Let A = {f,n — 2f) and fi = (/ — 1, — 2/ + 1) be partitions, where 
n — 2/ > and / > 1. Then 

\ dim(^) 



Pn-2f+2\ 
Pn-2f+lJ 



Proof. The result will follow once we show that if s G 'X„(A) and u = s|„_i, then 
(5.1) (/s, /s) = (/u, /u)^^^-^^, whenever Shape(u) = fi. 

Pn-2f+l 

To prove the statement (15. ip . we first consider the case where u = P. To this purpose 

define a sequence {v^. G T„,(A) : i = 0, . . . ,n — 2f) by v^i = W2f,2f+i, for < z < n — 2f. 
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It follows that Shape(Si|2/+j_i) = (/ — 1,^+ 1) and Shape(3j|2/+j) = {f,i), while Sj >Sj+i 
and e2/+i(Sj+i, Sj) 7^0for0<i<n — 2/. Hence 

I £ r- \ / r- r- \Pi+lPi+3 

\j ' J Si+1 / \JSi:JSi/ / \2' 

[Pi+2) 

and 

. \ = /f f \ PlP3 Pn-2fPn-2f+2 _ , r r v Pi Pn-2f+2 

(P2)nP3)MP4)^ (p„_2/+l)^ P2Pn-2/+l 

Since s = s„_2/, and /^o) = P2(/u7 /u), the above verifies (15. ip when u = f^. 

Now suppose that s|„_i = u G T„_i(/i), and that P >u. Then there exists G X„_i(/i) 
such that D >u and fu = foCfc, for some k with 1 < A; < n. If t G Tn(A) satisfies t|n-i = D, 
then t [> s and 



(/s, /s) = (/t, /j)^^^!±l^i_|±i^ where (z, k - 2i) = Shape(t|fc) 

lPfc-2i+2j 



while, by induction, 



(/t,/t) = (/o,/„)^^^. 

Pn-2/+l 

Since 

(/u, /u) = (/t>, where {i, k - 2i) = Shape(t)|fc), 

it follows that (15.11) holds in general. □ 
If A = {i,n — 2^), and // = (j, n — 2j) are partitions, with /i [> A, define 



dim(/i) 



Since the dimensions of modules are given in terms of certain binomial coefficients [3], 
the next statement gives closed formulae for the Gram determinants associated with the 
Temperley-Lieb algebras (c/. Corollary 4.7 of P]). 

Lemma 5.2. Let X = [f , n — 2/) be a partition. If n — 2f > 0, then 

det(A) = Ylgx,f,, 

and, ifn-2f = 0, then det(A) = det(/i) ■ x'^™^^), where /i = (/ - 1, n - 2/ + 1). 

Proof. We first assume that n — 2/ > 0. Let 

A« = (/-z,n-2/ + 2z), and //^^^ = (/ - z, n - 2/ + 2z - 1), for z = 0, 1, . . . , /. 

Then A = A(°) > A^^) > ■ ■ ■ > A^^) and /i = /i^o) > /i^^) >■■■> ^i^f\ while ^ A^') for 
i = 0, . . . , /, and /i*^*"*"^'' — s> A*-*-* for i = 0, ...,/ — 1. If n — 2/ > 1, then from Lemma 15.11 
and induction, 



det(A) = det(;.(o))det(;.(^))r^^)"'"^^"^ 

'\Pn-2f+l^ 

f /-I 

n ■Il9fiW,fia+^) ■ L"~Z~\j 



i=\ i=l 
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where, for i = 1, . . . , /, and j = 1, ...,/ — 1, 



\ Pi / \ Pj 



Thus, 

Pi ^ fj^ Pi ' VPn-2/+l 

Pi ^ ^ Pf ^ 



p/ / p, 

^ P„_2/+.+l^dim(AW) 



n 



.=1 - 



where 



|^dim(/i'^*)) + dim(/i(*+^)), otherwise. 

On the other hand. 



imphes that 



9x,x(^) = [ ) , ior2 = 1,...,/, 

\ Pi y 



^ / ,„ - dim(A(')) 



fi^7AA =n 



'Pn-2f+i+l 



Now suppose that n — 2f = 1 and, for « = 1, ...,/ — 1, let i^'-*^ = (/ — z — 1, n + 2i — 2). 
Then, by induction, 

det(^/(°)) = n ( ) and det(/i(°)) = det(z/W) ■ (ps)'^'"^'^'"'^ 

i=l \ Pi J 

Further, Lemma 15.11 and induction imply that 

/-I / N dim{i/(*)) /-I / N dim(/i('+l)) / . x dim(^(l)) 



/-I 

\ ■f'* / 1=1 
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In the above expression, the exponent of Pi is ji, where 

' — dim(i^(^)) — dim(yu(^^) — dim(z/(^)) , 

dim(z/(i)) - dim(i/(3)) _ dim(/i(^)) + dim(/i(^)), 

dim(z/(*-2)) -dim(z/») + dim(^(*-2)) - dim(z/(*+i)), 

dim(z/(^-2)) +dim(/i(*-2)), 
dim(/i(*-2))^ 

0, 



On the other hand, with n 



f 



n^AA' =n 



i=l 



2/ 

1=1 



Pi 



n 

i=l 



Pt+2 
Pi 



if z = 2; 
if 2 = 3; 
if4<z</; 

if / < ^ < / + 1; 

if^ = / + 2; 
otherwise. 

dim(A(')) 



Since relative positions on the Bratteh diagram associated with An{x) imply that 

{-dim(A«), if 2 = 2; 

dim(A(*-2)) - dim(A«), if 3 < z < /; 
dim(A(*-2)), if/<z</ + 2, 

the lemma holds in the case where n — 2/ = 1. If n — 2/ = 0, the given formula for det(A) 
follows directly from Lemma 15. 1[ □ 



P& \ ^° (Pb \ fP4 \ "° fP3 ^ 



Example 5.1. If n = 11 and A = (5, 1), then 

det(A) = (— 

Vps/ \p4/ \p3/ \p2/ \pi. 

To write the above expression as a product in Z[x], we apply (13. 5p with k = 1, 



det(A) = Pj 



Pz{Pi-P2) 
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{p,r{p,-PiY'\p,) 



110/ 



P2(P3 -Pl 
P7{pZ-2p^Y\p,Y\p, 



\121 



Remark 5.1. The above results show that the the Temperley-Lieb algebras, besides 
being cellular in the sense of [2], are equipped with a family of Jucys-Murphy elements 
satisfying the "separation condition" defined by A. Mathas [8]. In a forthcoming note, 
we demonstrate a similar construction for the partition algebras of [6]. 
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